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CAMERAL DATA FOR SU(p + l,p)-HIGGS BUNDLES 

ANA PEON-NIETO 

Abstract. We study the cameral and spectral data for the mod¬ 
uli space of polystable SU(p -I- l,p)-Higgs bundles and deduce the 
latter from the former. As an application, we obtain that the 
Toledo invariant classifies the connected components of the regu¬ 
lar fibers of the Hitchin map. 


1. Introduction 


Higgs bundle theory has experienced an enormous development since 
its origins in |Hit87b] . due to the rich geometry of these objects. 

An instance of this is the so called non-abelian Hodge correspon¬ 
dence, which given a reductive Lie group G, establishes a homeomor- 
phism between the moduli space of G-Higgs bundles on a Riemann 
surface X, and the moduli space of representations p : vri(X) —)■ G 
|Hit87bl IDon83[ ICor881 ISim97[ IGGM] . A G-Higgs bundle is thus natu¬ 
rally seen to be a pair (E, 0), where E —)■ A is a holomorphic principal 
E'^'-bundle, for E < G maximally compact, and (j) G E°(A, E(m^)®E) 
is the Higgs field. In the former, E —)■ A denotes the canonical bundle, 
m is the non compact part of the Gartan decomposition g = f) © m 
with complexihcation and E(m'^) is the associated bundle via the 
isotropy representation (138|) . 

The moduli space of polystable G-Higgs bundles Higgs(G) is equipped 
with extra structure determined by the Hitchin map 

(1) he : Higgs(G) ^Bg = E"') 


which sends a pair (E, 0) to the characteristic coefficients of 0; the 
numbers di — 1 are the exponents of G, and the space Bq is called the 

Hitchin base. 

The study of the Hitchin map is essential for understanding the ge¬ 
ometry of Higgs(G). In the case of complex groups it defines an alge¬ 
braically completely integrable system jHit87atrDon] . whose description 
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has been applied to many interesting problems [Hit87at IBNR89t IKP95| 

[HTO^IDPI^ . 

For real groups, ([T]) is not yet well understood. The tool to under¬ 
take this problem in full generality is Donagi’s cameral construction 
[Don931 [Don] , and Donagi-Gaitsgory’s |DG01] . which was adapted to 
real groups in the author’s thesis |PN13j (see also |GPR141[GP] h When 
G is a matrix group, Hitchin’s spectral techniques |Hit87a] can also be 
used to understand the hbers of the Hitchin map. This is the ap¬ 
proach found in |FG121 IFGNl IHS141 ISchl3bl ISchl3aj , all of which deal 
with some classical groups. Just as in the case of complex groups, the 
Hitchin map for real groups has been applied to a range of problems, 
such as the description of a generalization of Teichmiiller space [Hit92] 
and a test of Kapustin-Witten’s approach to mirror symmetry |Hitl3j . 

In the present paper, we study the case G = SU(p-|- l,p) from both 
the cameral and the spectral construction, and illustrate how to deduce 
the latter from the former. The choice of SU(p-|- l,p) is not arbitrary, 
but is due to the particular characteristics of the groups SU(p, q) as q 
varies. Indeed, both SU(p,p) and SU(p-|-l,p) are quasi-split real forms, 
(which implies in particular that the hbers of the Hitchin map ([T]) are 
generically subvarieties of line bundles only in these two cases [PN13j ). 
but quite different from one another (SU(p, p) being of Hermitian tube 
type and SU(p + l,p) of Hermitian non-tube type). With respect to 
the Hitchin map, this causes for the hbers of the Hitchin map to be 
generically regular and stable in the hrst case and never completely so 
in the second. 

The case p = g is studied in |Schl3b] from the spectral data point 
of view. The cameral and spectral approaches being equivalent for 
classical groups |Don93j . we explain in here how to recover the spectral 
picture from the cameral one for SU(p -|- l,p), the case of SU(p,p) 
following in a similar way. 

We describe the generic hbers of the Hitchin map ([1]) in two ways. 
Firstly, in terms of principal (C^)^^ bundles P (called cameral data) 
over the cameral cover X —)■ W. This is a ramihed S' 2 p+i-Galois cover 
of X parametrizing ordered eigenvalues of Higgs helds. Hence, to each 
Higgs bundle {E, 0) one can associate a cameral cover, which only 
depends on the characteristic polynomial of 0, or equivalently, on the 
image of {E, 0) via ([T]). Using some equivariance properties of cameral 
data, one can prove it to be determined by (C’^)^-principal bundles 
over a Z 2 -quotient of X, where the action of Z 2 is determined by the 
involution dehning SU(p + l,p) inside of SL(2p -|- 1, C). See Theorem 
14.31 for details. 
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Secondly, we show in Theorem 15.71 that the hbers are isomorphic 
to varieties of line bnndles over the spectral cover X ^ X, which 
parametrizes (unordered) eigenvalues, and is thus a quotient of the 
cameral cover [Don931 IDGOlj . In these terms, the points of the hber 
are line bundles over a quotient X/Z 2 , plus some extra data. 

The equivalence of both the cameral and spectral approach is proved 
in Proposition 16.21 

The paper is structured as follows: Sections [2] and [3] establish the 
basic notions and results from |PN13l IGPj . which we use to obtain 
the description of the generic regular hbers in Section 14.21 in terms of 
cameral data. We compute the spectral data in Section [5l from which 
we see in Gorollary 15.111 that there is only one connected component of 
the hbers per invariant. Next, we explain in Section [6] how the spectral 
picture can be deduced from the cameral one. Section [7] contains a 
brief discussion on how to complete the results to non regular bundles; 
we observe the existence of a bundle of toric varieties surjecting onto a 
full dimensional subset of the Hitchin hber. A geometric discussion of 
the algebraic notion of regularity is included in Section |8l 

We were notihed that Baraglia and Schaposnik have obtained related 
results. 

Acknowledgements. The author wishes to thank Oscar Garcia-Prada, 
Ghristian Pauly and Anna Wienhard for useful comments on a hrst 
draft of this paper. 


2. Quasi-split real forms and cameral data 


We briehy explain in this section the main theorem in [PN13i IGP] 
that we will apply to our particular case SU(p -|- l,p). 

Definition 2.1. A quasi-split real form G < is a real form con¬ 
taining a subgroup B < G whose complexihcation < G^ is a Borel 
subgroup. 


Remark 2.2. An alternative definition is the following: a real form is 
quasi-split if and only if regular elements (cf. Definition |A.^D have 
abelian centralisers. The consequence of this is that automorphism 
preserving the characteristic polynomial have abelian connected com¬ 
ponent. 

Quasi-split real forms include split real forms, and in the simple 
group case, groups whose Lie algebras aresu{p,p), su{p-\-l,p), 5o{p,p-\- 
2 ) or e 6 ( 2 ) • 

We will assume that the involution a dehning G inside G'^ commutes 
with a compact involution r in G'^. In that case, we can always take r 
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such that G'^ = H. In particular, the Cartan involution 9^ extended by 
complex linearity to g'*', lifts to a holomorphic involution on given 
by 6 := ar. As a consequence H'^ = {G'^Y. This always holds in the 
connected group case (see [KnaOSj . Proposition 7.21, or Proposition 
3.20 |GPR14] for milder conditions on the group). Let D®' C g”^ be a 6* 
and (j invariant Cartan subalgebra. We may choose it in such a way 
that a®' = 0 “^ n m®' is maximal. Fix D'^ = A^T'^ the corresponding 
maximal torus, and let < B'^ be a Borel subgroup obtained from 
B < G. We let S C A(g‘‘^, 0“') be the corresponding sets of simple 
roots and roots. The roots can be proven to belong to a* ©it* (suitably 
extended by complex linearity), and so we may choose S in such a way 
that 

(2) a* > it*. 

Quasi-splitness is equivalent to A fl it* = {0} 

Definition 2.3. Let A be a connected smooth complex projective 
curve, and K its canonical bundle. A G-Higgs bundle on A is a 
pair (E, 0) where —)■ A is a holomorphic principal iL^'-bundle, and 
0 e L7°(A, i?(m®') © K), where E{xn^) is the associated bundle via the 
isotropy representation l : —)■ GL(m‘‘'). 

We have two meaningful Hitchin maps. To construct them, consider 
the Chevalley morphisms 

(3) xg : ^ nf//H^ = a^/W{a) 

(where IT (a) is the restricted Weyl group flTT|) and the second isomor¬ 
phism follows from Theorem IA.2P and 

(4) Xgc : g"^ ^ Q^//G^ - D^IT, 

where the second isomorphism is again Theorem IA.2I applied to the 
real form (g‘’')R C g'*' ©r C. These induce 

(5) ha : Higgs(G) ^ Be = © K/W{a)), {E, 0) ^ xg{4>) 

and 

(6) hoc : Higgs(GC) ^ Bgc = H%d^®K/W), (E, 0) ^ XgY4>)- 

Note that evaluation of ([3]) and (jl]) on the Higgs held is well dehned 
by H'^ X C^-equivariance of xg (respectively, G^ x C^-equivariance of 
Xgc)- 

Let A : Higgs(G) —)■ Higgs(G‘‘^) be given by k,{E, 0) = {E{G'^), di{(t)))^ 
where i : G ^ G'^ is the inclusion. This map induces a commutative 
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Higgs(G') Higgs(G^) 


Bg -^ Bqc. 

In particular, fibers of he are taken to fibers of hcc. 

Definition 2.4. Given b G Bqc, we define the associated cameral cover 
Xb to be the fibered product fitting in the Cartesian diagram 

(8) Xb-- 

w ' ’ 

X c)C ^ 

Now, assume 6 : X —)■()''' (g) K/W splits through a'’' ® K/W{a)-, that 
is, b G Bq- Then we have a subcover 

(9) Xg-- 


X -^ Xk, 

where Xk is the image of OS'® K/W (a) in 'b'^®K/W. A G-Higgs bundle 
(E, 0) is said to be regnlar if for all a: G X we have that (/{x) G vcireg 
is a regular element of (see Definition IA.4I1 . 

The following theorem follows from Theorem 4.14 in |PN13] (see also 

EEl): 

Theorem 2.5. There is a one to one correspondence between isomor¬ 
phism classes of 

1. Regular G'^-Higgs bundles {E,(f)) (not necessarily polystable) such 
that hQc{E, 0) = b. 

2. Principal D'^ bundles P ^ Xb satisfying 

GDI For all a E S, ja ■ ® Ra = P, where Sa E W is the 

reflection with respect to a, whose action on the principal bundle 
is defined by P^ = P Xg . As for R^, it is the principal D'^ 
bundle obtained by pulling hack the divisor Da = {sq, = 0 } C 
® K to X (thus getting , see Section 5. in IDcnij ) and 
taking Ra = a{0{D^)). 

CD2 {—9)*P'^°\^^®Riuq = P. Here Wq E W is the element operating 
on h®' as 6, and —6 is the involution on X^ induced by the 
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action —9r\d^. The ramification = <^a&A+nw-^A~Ra- By 
definition = ®a&ArBa, where denotes the real roots, 
namely, roots A G A which are obtained from elements in a* by 
extension by complex linearity. 

All isomorphisms should be elements of N, the normaliser of D'^ in 
G^. 

In particular, this theorem allows to study Higgs(G') by means of 
much simpler moduli spaces of principal iA'^-bundles. 

Remark 2.6. The R^’s define a cocycle W ^ X x BD^, that is, an 
assignation of a principal D’^-bundle to each w & W satisfying 

Rww’ ~~ w * Rw Rw' 

canonically. This allows to extend the eguivariance properties specified 
in GDI of Theorem \2.5\ to all elements of the Weyl group and not just 
reflections associated to simple roots. 

Definition 2.7. A principal D'^-bundle as specihed in point 2. of 
Theorem 12.51 is called a cameral datum. 

For the convenience of the reader, we include a discussion of the 
main elements in the proof of Theorem 12.51 which is based on the 
study of the gerbe the Hitchin map dehnes on the level of the moduli 
stack of regular Higgs bundles Higgs(G') —)■ (8) K/W{a). When the 
real form is quasi split, this gerbe has abelian band C, that is, locally 
Higgs(G')(A) = 0 K/W{a) x BC, a RC-torsor over a'*' 0 K/W{a). 

In particular, pullback allows to identify the hbers to varieties of coher¬ 
ent sheaves of groups on X. In order to give the cocyclic description 
of Proposition 14.31 one checks that the stack of cameral data is also a 
RC-torsor admitting a morphism from Higgs(G), so they are isomor¬ 
phic. The latter can be done using |DG01j and identifying the right 
conditions in order for cameral data to be induced from a G-Higgs 
bundle. 

To construct a cameral datum from a G®^-Higgs bundle (R,0), we 
reinterpret 0 as a x equivariant map 

(f) . E X K }■ Qregj 

where Qreg denotes the subset of regular elements of g and the action of 
{g,z) eG^xC^ on X G Qreg is giveu by {g, z) ■ x = zAd{g)x. Now, the 
Grothendieck-Springer resolution of Qreg can be obtained by pullback 
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of two ly-covers: 

(10) —s«5--s' 


GC/M --£|„, — OC/W'. 

Here, G^/iV is the variety of regular centralisers (a partial compacti- 
fication of G'^/N inside of Gr(r, see |DG01] h and /D'^ is the 
incidence variety of G^/N x G^/B'^, with a Borel subgroup con¬ 
taining D'^. 

Note that b := xe^ o 0 is a point of the Hitchin base Bqc. Let 
E X K := b*Qreg- This is easily seen to descend to a cameral cover 
X —>■ X, so that we have a cartesian diagram: 

eTx- 


E X K 


X. 


As for the cameral datum, G’^/D^ is equipped with a universal princi¬ 
pal D^-bund le V G^ /D^, the pullback of G^/U^ G^/B^ via the 

map G'^/D'^ ^ G'^/N x G'^/H^ -» G'^/B^. The same descent argu¬ 
ments yield a principal bundle on X, which can be checked to satisfy 
invariance conditions with respect to the action of the Weyl group. See 
|DG011 |Ng610| for details on this. 

The last step is to establish the extra conditions for cameral data 
coming from b G H^{X,a^ 0 K/W(a)), which is given by condition 
GD2 in Theorem 12.51 


3. SU(p-F 1,p)-Higgs bundles and the Hitchin map 

For the Lie theory required in this section we refer to Appendix lAl 

Definition 3.1. An SU(p+l,p)-Higgs bundle is a pair {E = V ®WG) 
consisting of a rank p +1 vector bundle V and a rank p vector bundle W 
such that det(H©hF) = Ox, and a Higgs field 0 G End{E)0K) 

with 

where 0 G Lf°(X, IF* ® ® X) and 7 G H^{X, V*®W0K). 
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Definition 3.2. An SU(p + l,p)-Higgs bundle is semistable if for every 
pair of subbundles V ^ V, W C such that V ®W' ^ V ®W and 
(p :V' ®W’ ^ {V ® W) ® K, it holds that deg V’ ®W' < 0. It is 
stable if it is semistable and the inequality is strict. It is said to be 
polystable if it is semistable and it decomposes as a direct sum of stable 
U(pj, gi)-Higgs bundles of degree 0 for suitable integers pi and g*. 

Let IIiggs(SU(p + l,p)) be the moduli space of SU(p + l,p)-IIiggs 
bundles, which is defined to be the space of isomorphism classes of 
polystable SU(p+ l,p)-IIiggs bundles |BGG03j . 

The degree deg IT is a topological invariant of IIiggs(SU(p + l,p)) 
which hence identifies connected components of the moduli space. By 
Theorem 6.1 in [BGG03] the following Milnor-Wood inequality is 
satisfied by polystable Higgs bundles: 

(12) 0 < |deg(IT)| <p(g-1). 

Remark 3.3. This invariant is half the Toledo invariant defined in 
|BGG03j . as in the fixed determinant case deg(IT) = — degH. 

Choose a maximally anisotropic Cartan subalgebra (cf. 

Defin IAT]) ■ and let ( 1 )')“' = be a 6 *'-invariant Cartan subalgebra 
containing (a')’’', where 9 ' is defined as in fl43p . By Lemma [A.31 imply 
that Hitchin map (jS]) specifies to 

(13) h : Higgs(SU(p+ l,p)) ^ 

which maps each pair [E, cp) to the characteristic coefficients of p, 
{a 2 , , a 2 p). More specifically, 

02 * = fr(A^>) = 2Tr (a*(/3 A 7 )) . 

On the other hand, the complex Hitchin map ([ 6 ]) reads 

he ; Higgs(SL(2p + 1, C)) ^ ®ZiK^), {E, 0) ^ {tr X 4>)ti. 

Note that tr A* </> = 0 if 2 /| t for 0 as in flTT]) . so we have indeed 
that K commutes with the respective Hitchin maps. In what follows, 
we describe the fibers of the restriction of he to fi:(Higgs(SU(p + l,p))) 
by means of cameral techniques, then recovering the spectral curve 
construction. 

4. Cameral data for SU(p+ 1,p)-Higgs bundles 

In this section we compute tha cameral data for SU(p + l,p)-Higgs 
bundles using the results in Section [2] to SU(p + l,p). For simplicity, 
we realize SU(p + l,p) as the subgroup of fixed points whose Cartan 
involution is 9 (cf. Appendix lAll. 
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4.1. Cameral covers. Let oj G i?su(p+i,p)- To define the associated 
cameral cover fflTD . let 


® K = = {{h,... ,hp+i) ^ : 5^/i = 0}; 


then, we have the projection 

o'*" ( 8 ) iL —)■ h®" 0 K/W, {li,..., hp+i) ^ ■ ■ ■, o' 2 p-\-i{li)) 


where cxj denotes the i-th symmetric polynomial in 2 p + 1 variables. 
In particular, the cameral cover associated to a; G Ssu(p+i,p) is 

Sfc = 0, 

(14) = <; (Ai,..., A2 p+i) G cr2.(A,) = uJi, 

<^ 2 i+l{^j) = 0 . 


As for Xsu(p+i,p) (ED, it corresponds to the subscheme 


(15) ^SU{p+l,p) — |(-^l, • • • , •^2p+l) £ 

Note that the vanishing of o' 2 p+i(Ai,..., A 2 p+i) distinguishes 2p + 1 
Galois sub covers determined by Xj = {A* = 0} whose Galois group is 
5 '2p C IL = S 2 p+i. In particular, Xsu(p+i,p) C Xp+j. 

Remark 4.1. For any (k) G X^^, A G {h : i} if and only if —A G 
{k : i}, so it follows that generically over i?su(p+i,p), ^su(p+i,p) is 
irreducible and all other irreducible components in Xp+i are obtained 
by translating Xsu{p+i,p) by elements of W/W{oP) = S 2 p+i/Sp x Z^. 

Example 4.2. In the rank one case, SU(2,1), the projection K(BK —)■ 
X3 © X2 ^ h® 0 K/W reads 

/I+r 0 0 \ 

(/,/')= 0 -21 0 

\ 0 0 I-h J 


i^p+l+i, 

Ap_|_i 0. 


Thus, any cameral cover corresponding to a real Higgs bundle (with 
corresponding point of the Hitchin base uj G X^) satishes 

r((r)2 - f) = 0. 


Namely, we have three subcovers 

Xi = {/2 =oj,r = 0}, X 2 = {/' = /, -4/2 = u}, 

X 3 = {I' = -/,4/2 = 0 ;}. 

Note that Xi = Xsu( 2 ,i)- All three are double covers, with involutions 
induced by elements of the Weyl group: (1,3) G S 3 restricts to the 
cover involution on Xi, as so do (1, 2) on X 2 and (2, 3) on X 3 . 
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4.2. Cameral data. Applying Theorem l2.5l we have a correspondence 
between everywhere regular SU(p+ l,p)-Higgs bundles 0) whose 
image via hgu(p+i,p) is w G i?su(p+i,p) (note that no polystability condi¬ 
tion is assumed) and (C^)^^-principal bundles P —)■ satisfying the 

equivariance conditions: 

( 16 ) = ® J?-.- 

In the case under consideration, regularity just means that eigenspaces 
for the standard representation have dimension one. In the semisimple 
case, this is just the fact that eigenvalues are different. As for non 
semisimple elements, it means that the nilpotent part is SL(2p-|- 1, C)- 
conjugate to an element with I’s over the diagonal on a block of the 
matrix. As for the semisimple part, it should have different eigenvalues. 

By dehnition, the involution 9 acts as multiplication by —1 on m®' 
and -|-1 on f)®', so that the element wq dehned as in condition CD2 
in Theorem 12.51 has the form 

p 

(17) Wo=^ 

i=l 

Theorem 4.3. Let u G Bsu{p+i,p) be such that Xsu(p+i,p) is smooth. 
Then, the choice of a cameral datum Pq establishes a correspondence be¬ 
tween regular '^\]{p + l,p)-Higgs bundles mapping to uj and the subvari¬ 
ety of H^{X/9,T^) consisting of elements Q such that w*q*Q{D^)'^ = 
Q{D'^) for all w G W. Here X XfO is the quotient curve, and 
Q{D^)^ = Q{D^) X wD^. 

Proof. First note that the assignation 

P ^ PPq^ 

establishes a morphism Cam —)■ H^{X,D^)^, where the action of W 
on H^{X, D'^) is given hy w ■ Q = w*Q D'^. 

Denote by = w ■ Xsu(p+i,p) dE]) Qw ■= Then: 

e*Q^ = e*w*Q: @ 9*w*Qf = Q^e. 

Given that 9 exchanges X^ and X^e, it follows that 9*Q = Q. More¬ 
over, since WqQ = 9*Q = Q'^°, it follows that the structure group 
reduces to as also uJqQ^° = Q. This hnishes the proof, as the 
action of 9 on is by dehnition the identity on the hxed 

locus of Wq, and so Kempf’s descent Lemma (Theorem 2.3 |DN89j I 
applies. □ 
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5. Spectral data 


In the case of matrix groups, Hitchin’s spectral techniques are avail¬ 
able for abelianization of Higgs bundles. In this section, we compute 
spectral data for SU(p -|- l,p). 

Let G Higgs(SU(p -|- l,p)) be such that h(0) = (a; 2 , • • • 

The characteristic polynomial of (j) over the total space of the canonical 
bundle it : \K\ —)■ X produces a section 

;= A(A2^ -1- Tr*U2X^^~^ + • • • + G H%\K\, 71* 

vanishing over the spectral curve 


(18) 


X := Spec (sjm* (^K*/X{X^p + ^ A^^^ 




The generic spectral curve X is reduced and consists of two smooth 
irreducible components 

(19) Xo ^ Spec (Sym’(X7A)) = X, 

Xi := SpeciSYm%K*)/iX^P + X^^P-^^UJ2^)). 


Remark 5.1. Remark 4-k implies that the genericity hypothesis for 
X to be of the above form is the same as the one for Xsu(p+i,p) being 
smooth, and also for generic regularity of {E, 0). 


By Remark l5.11 the kernel of the Higgs held has rank one, so V <Z E 
is an extension 


( 20 ) O^Eo^V^Vi^O 

where Eo = Ker(0) G Pic(X); the Higgs held induces one on Ei = 
Vi © W, so that we obtain {Ei,(()i) an induced U(p,p)-Higgs bundle, 
which is regular by Remark 15.11 and a general result of Ngo’s |Ng610| 
and Arinkin (private communication). Moreover, regularity implies 
that 01 = ( 01 ,7i) induces generic isomorphisms 

01 : IT ^ Hi © X, 7i : Hi ^ IT © X. 

Taking determinants, we obtain subdivisors of the branching locus B = 

{uJ2p = 0 } 

(21) By = (sy), B^ = (s^) 
given by vanishing of 

;= A^’yi G X°(X, ^ © A^’IT © X^) 

and 

sp := AP01 G H\X, AW^ © A^’Ti © X^. 
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Remark 5.2. The ramification divisor consists of points over which the 
Higgs field is not semisimple. Let C Bp denote the suhdivisor 
over which is regular. That is, / 9 |b ’'«9 : W -» EqK, as otherwise the 
kernel would increase its dimension by one. We let Bp := Bp \ B'^p^. 

As for B.y, the genericity hypothesis implies it is disjoint from Bp. 
Denote by Bjf^ C B^ the subset over which (j) remains regular. This 
implies that Eq ® O^reg (g) or, in other words, so that the 

kernel has still rank 1. Let B^ := B^ \ Bjf^. 

From now on we will assume that 

(22) = -B"/’. 

SO that the Higgs held is everywhere regular and (3\bp '■ W\bp -» 
EqK\b 0 over the whole Bp and i : over See Section 

[7| for remarks on the general case. By Remark 15.21 we have that the 
extension [R] G H^{X,Ekf^Vi) dehned by fl 20 |) can be recovered as the 
image via the Bockstein map of the inclusion / G H^{X, Eq^Vi^Ob.^)- 
We recall that the Bockstein operator 

(23) b : H\B„EfiW,) ^ H\X,E^W,), f ^ [R], 

is obtained by considering the long exact sequence induced from the 
short exact sequence 

0-- -- Efi^ViiB.y) -- Eq-Vi ® Ob, -- 0. 

We next give an alternative approach to fi. Consider the commutative 
diagram of extensions: 

0 - W-^EoK{-Bp) -- W-^EqK -- W-^EoK (g) Ob^ -- 0 

0 - W-WK{-Bp) -- W-WK -- W-WK 0 Ob^ -- 0 

0 - W-WiK{-Bp) -- W-WiK -- W-WiK 0 Obp -- 0 . 

Studying the corresponding long exact sequences, we see that a nec¬ 
essary and sufficient condition for fii G H^{X,W~WiK) and p G 
H^{X, W-^EqKObp) to determine fi G H^{X, W-WK) is 

p G Ker {H\X, W-^E^K 0 ^ H\X, W-^EoK{-Bp))) 

and 

fii G Ker {H^{X, W-^iK) H\X, W-^EqK)) . 

This proves the following 
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Proposition 5.3. An everywhere regular SU(p + l,p)-Higgs bundle 
{E, 0) is eguivalent to the following piece of data: 

1. An everywhere regular \J{p,p)-Higgs bundle where 

Ei = Vi®W 

and 

01 = (01,7i), /3i:W^ ViK, 71 : V^i ^ WK. 

2. An embedding i : Eq^Vi), where Eq = (det tP det Vi)“^ and 

is given by [M\) determining an extension V G H^{X, Eq^Vi). 

3. A map 

(24) p e Ker{H\X,W-^EoK ®Ob,) ^ H\X,W-^EoK{-B^))) 

4- The Higgs field 0i should satisfy 

(25) 01 e Her {H\X, End(Ei) ® K)H\X, Hom(Ei, Eo)K)) . 

Now, the involution 6 ' (see fimi ) induces an involution on X sending 
A I —} —A. Let 

(26) X = x/e, 

whose irreducible components read 

(27) Xo = X, Xi = Xi/e. 

We have a diagram 

(28) X^^X 



X. 


The ramihcation divisor of t : X —)■ X is given by = {n*U 2 p = 0} 
and generically equals Xq H Xi. The divisor R is also the ramihcation 
divisor of Let E G Pic(X) be the line bundle dehned by: 

(29) 0 ^ E{-R) %*E ®K)^E® n*K 0. 


Remark 5.4. We need only remark that the torsor structure of the 
fibers as described in Theorem \5 . 7 comes from the decomposition of 
Pic(X) as a torsor over Pic(X"'), the Picard variety of its normaliza¬ 
tion, which in this case is just X'^ = Xq U Xi A X. To see this, 
consider the short exact seguence 


(30) 


0 ^ ^ p.O 


X 

if" 


—» 


/C>7 ^ 0 
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which induces a long exact sequence in cohomology 

(31) 0 ^ ^ ^ ^ 

^E\X,Ol)^E\X,v,Oi:)^^ 

See Section 9.2 in |BLR90j for details. 

Geometrically, line bundles on X are given by line bundles on its 
normalization with suitable automorphisms over the singular points. In 
our case, the O^-module structure of the line bundle F —)■ X consists of 
an O-module structure on Fi on the respective irreducible components 

together with an isomorphism / : Fq | = Fi | . Note that R = Xqi 

with our genericity hypothesis. 

Note that Fq = F|^^ is the kernel of 7r*0, and Fi = F|^^ is the spec¬ 
tral datum for the induced U(p,p)-Higgs bundle (Fi, 0i) (see discussion 
following Remark I5.4p . 

It is easy to see that the spectral datum F satishes 9*F = F. 

We next summarize some results of [Schl3bj for the group U(p, p), 
as the line bundle Fi —)■ Xi 0191) is the spectral datum corresponding 
to the U(p,p)-Higgs bundle (Fi,0i). Dehne the subdivisors F+ and 
R-, where F+ is the set of points over which 6 acts on the hbers of Fi 
via the identity and R- the set of points where it lifts as multiplication 
by —1. This determines 7 r*Fi = F+ © F_, with F©^ © F+ © W*K = 
0{R+). As for 01 , the -module structure of Fi induces 

a = (9 © ^-module structure on tt^Fi, totally determined 

by the action of W*K~^. Since the involution 6 acts by —1 on 7 r*K (as 
by dehnition A i—)■ —A) we get s± : Tf*K~^ © F± —)■ Ft- We have that 
W = 7f*F_, V+ = T*F+, 01 = (7f*S+, 7f*S_). 

We will use this to recover the SU(p+l,p)-Higgs bundle. By Remark 
15.41 the structure of the line bundle F —)■ X pushes forward to a 
(©x-module structure on Fq, and a © Tf*K~^ = T*(9-module 
structure on T*Fi = F+ © F_. Away from ramihcation, the latter is 
generated by the action of yielding s±. Denote R := H^R-, since 

the involution is trivial on the irreducible component Xq over which the 
kernel lives and it becomes trivial on the quotient, we get the following 
= C>7j©7f*X“hmodule structure on ^*F|^: on the one hand, the 
usual action of and the restriction of s± to ramihcation 

s± : 7 t*K~^ © F± —)■ F=p. 

On the other hand, isomorphisms induced from / as in Remark 15.41 

/_ : 7f*X-^ © F_ = Fo 
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on i?_, and 


on 


U--F+ = Fo. 


Remark 5.5. By Remark \5.^ we could also consider just morphisms, 
corresponding to generically (but not everywhere) regular Higgs bun¬ 
dles. 


Remark 5.6. Clearly tt^R- = Tf*By. 

The above discussion suggests the following. 

Theorem 5.7. Let u G Bsu{p+i,p) be generic. Let vr : X,^ X be the 
corresponding spectral curve, and W : X^ = Xi^/6 —)■ X. Denote by 
Xqi/Xqi the intersection of both irreducible components 
Let 

Pic(Xi)'' = {Fi G Pic(Xi) : 

and let V be the {£,^Y^^^~^Fforsor over with fiber over Fi egual to 
Isom{XQi,LQ^Fi), with 

(32) Lo = Nm{Fi)-^ ® /s:-p( 2 p+i) ^ Pic(x). 

With the notation of the preceeding paragraph: 

1. There exists a correspondence between isomorphism classes of 
everywhere regular SU(p + l,p)-Higgs bundles mapping via hsv{p+i,p) 
to u (note that we assume no stability condition) and the elements of 
the guotient V jCX where the action is given by 

t{L,z) H- {L,Rz), {L,z) G V. 

2. Let © F_. Then, the topological invariant is 

deghP = degF_ — 2 p{p — l){g — 1 ). 

3. The corresponding Higgs bundle is stable, thus 

{ 2 p^ - ?,p){g - 1) < I degF_| < { 2 p^ - p){g - 1 ), 

and extremal values of the Milnor- Wood ineguality deg W = -Fp{g— 
1 ) are not met by regular points. 

Proof. To prove 1., given (T^,0), we assign to it F as in ([291). Gener¬ 
ically, the spectral curve has smooth irreducible components, and so 
restriction induces on its Picard variety a structure of a 
torsor over Pic(Xo) x Pic(Xi). See Remark 15.41 The topological re¬ 
striction that detvr^F = 0 implies fl3^ . by Corollary 3.12 and Lemma 
3.5 in [HP]. 
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As for the inverse map, pushforward induces the remaining structure 
as explained in the discussion proceeding this theorem. There remains 
to check (a) that the construction descends to the quotient by the 
action of C^, and (b) that conditions fl2^ and fl2T|) in Proposition 15.31 
are satisfied for 

/5i := e H^{X, Hom( 7 f*F_ ® ® K) 

and 

p := WJ_ e H%X, Hom(W,F_, Eq ® K) 

Statement (b) follows by the fact that Hom(Fo, Fi) is a sheaf supported 
on dfoi, thus hf^(Xoi, Hom(Fo, Fi)) = 0. As for (a), an SU(p+ l,p)- 
Higgs bundle is determined by point L := (Lo,-hi,/) € Jac(X), with 
the restriction that the degrees of Lq and Li are such that the pushfor¬ 
ward has degree zero. Now, for A G note that the morphism given 
by multiplication of on Lq and A^/^ on Li send (Lo,-hi,/) •—t 

(Lo, -hi. A/); this yields isomorphic Higgs bundles. 

Statement 2. follows from det 7 f*F_ = Nm{FX) ® Nm{X/X) to¬ 
gether with Nm(X/X) = = Af-pb-i). 

Finally, 3. follows because by irreducibility of Xi and regularity, 
the only non-trivial 0 -stable subbundle is the kernel; by definition, for 
as in ([ 21 ]), 0 {B^) = det so it follows that degFo = 

2 deg W — 2p{g — 1) — deg B^, which is strictly smaller than 0 by point 
2 . above and because 7 ^ 0 by regularity. As for the strictness of the 
inequality, it follows from Theorem 6.7 in |BGG03j . □ 

Remark 5.8. We note that by reducibility of the spectral curve, there 
are always unstable Higgs bundles mapping to a point of the Hitchin 
base. Indeed, take any direct sum (Fo,0) © (Fi,0i), where (Fi,0i) is 
a \J{p,p)-Higgs bundle of degree degEi = — degFo mapping to u E 
Alu(p,p) ■ Making deg Fq > 0 suffices to get an unstable point. 

An interesting conseguence of this is the lack of intrinsicity of the 
Milnor-Wood ineguality with respect to the spectral data, unlike what 
happens for \]{p,p)-Higgs bundles |Schl3b] . which is why point 2. in 
Theorem \5. ?| is necessary. 

The same phenomenon will show for all forms of Hermitian non¬ 
tube type, as they all contain a maximal tube-type subgroup of the same 
rank. 

Remark 5.9. The set we recover has the expected dimension. By the 
preceeding dicussion, using the seguence /[3l\) we have that the generic 
fiber F^^ has dimension dimF^^ = dimPic(Xi)® + Ap{g — 1) — 1. Given 
that Pic(Xi)® is a smooth fiber of the Hitchin map for \J{p,p), and by 
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Theorem [37 


dimF^ = Ap{g - 1 ) + (V( 5 ' - 1 ) + 1 - dimBsv{p,p)) - 1 , 
so that the set of all generic fibers has dimension 
dim5su(p+i,p) + diniF^ = Ap{p+ 1)(5( - 1) = dimSU(p + l,p){g - 1). 
We can give another characterization in terms of data over X\ 


Corollary 5.10. There is a a one to one correspondence between iso¬ 
morphism classes of regular Higgs bundles {E, fi) mapping to oj via 
hsu(p+i,p)) and the guotient by the action of on tuples 

(F_,s+,s_,/+,/_) 

where 1. A line bundle F+ G Pic(Xi), subject to condition in f. below. 

2. Morphisms 

(33) s+ e Ker{H°(X,Ffi^F_W*K) H\X, Ffi^7r*{EoK))) , 
s_ e Ker{H\X,FZ^F+7r*K) H\X, FZ^WfiEoK))) . 

where R± = (s±), F_ := 0{-R_)F+7r*K and Eq = NmF+ 2 (g, 0 (- 7 r*i?+)i 7 -P 7 p+i) 
Pic(X). 

3. Isomorphisms 

(34) /_ e Isom(Eo|R_,F+|R_), 

/+ G lsom{F+\ji^, Eo\r_^ ®Tf*K). 

4- The bundle F+ should satisfy that F+ © F+ ® 0{—R-) be a 
module. 

5. Moreover 


deg IP = degF+ — {2p^ — 2 p+l){g — l). 

The corresponding Higgs bundle is stable and 

{2p^ - ?,p){g - 1) < I degF_| < {2p^ - p){g - 1). 

Proof. It follows from Theorem 15.71 observing that pushforward to X 
produces the objects in this corollary. □ 

Regarding connected components, we have 

Corollary 5.11. The generic regular fiber has connected components 
classified by values of deg W other than ±p{g — 1). 
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6. From cameral to spectral data 

As the name of the section suggest, we next explain how the spectral 
data can be obtained from the cameral data. 

Following |Don93] , we associate to the cameral cover X an intermedi¬ 
ate cover (isomorphic to the spectral cover) associated to the standard 
representation. 

To do this, we consider the sistem of simple roots 

S = {ai = Li- Li+i, i = 1,... ,2p - 1}, 

where where Li applied to a diagonal matrix returns the Fth entry and 
tti > cij+i. This ordering satishes condition ([2]) and so we may choose 
a compatible Borel subgroup B < SU(p -|- l,p). 

Let (5i be the hrst fundamental weight, which is the highest weight 
of the standard representation, and its associated maximal parabolic 
Psj^. Let Ws^ < IF be the corresponding Weyl group. Then = S 2 p- 
We have maps 



and moreover, by the discussion in |Don93] §4, Xs^ is isomorphic to the 
spectral cover fflSj) via the morphism: 

(35) X x-oc^K/w <8 A" —)■ K 

{x,q) H- (a;,5i(g)) 

Identifying X^^ and X, we have a diagram 

(36) 

TT 

X. 

Lemma 6.1. The action of 9 on X descends to the involution on Xs^ 
sending (t. A) i—)■ (x, —A). 

Proof. Let Sj denote the reflection associated to the simple root a*. 
From flT7)l we check that (1, 2)o9 E IFi^, so that both maps induce the 
same one on X^^. Since (5i = di* G (^‘'')*, it follows that — = (5i o s^, 
whence the result. □ 

Proposition 6.2. Let oj G i?su(p+i,p) be generic, and let Pq —)■ X^ be a 
cameral datum. Let Cam{X) denote the variety of isomorphism classes 
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of cameral data. Then CamiX) = {L G Pic(X) : 9*L = L,degLo = 
-degLi - 2 p{2 p+l){g - 1)}. 

Proof. Proceeding as in Theorem 14.31 we assign 

P ^ PPq^ 

thus establishing an isomorphism Cam{X) —)■ H^{X, , with the 

induced action (and conditions on it) of W and 9, that is w ■ Q = 
w*Q D^, and 9*Q\^^^ = 

Now, given Q G H^{X,D^), then Lq := Q is a line bundle 

satisfying w*Lq = Lq for all w G (by Proposition 5.5 in |DG01] 
and the fact that the action of tc G on the fibers is trivilised by 
composing with ^i). The same reasons imply that the action of w over 
its associated ramification divisor is trivial. So by Kempf’s Descent 
Lemma, Lq descends to Lq ^ X. As for equivariance 9*Lq = Lq, it 
follows from Lemma 16.11 

The map is an isomorphism by Proposition 9.5 in |DG01] and The¬ 
orem 14.31 □ 


7. Non-regular Higgs bundles 

Reducibility of the spectral curve causes for the existence of non¬ 
regular Higgs bundles over any given point of the base, which are not 
captured by the cameral construction, as in fact they aren’t intrinsic 
to the point of the base. 

The explanation lies in Theorem 17.5 in |DG01] . according to which 
a Higgs bundle within a Hitchin fiber is equivalent to a cameral datum 
together with the extra data of a hP-equivariant morphism F : X ^ 
regular fields are given by embeddings, or projections onto the 
second factor X := Xx^c^k/w (h®' ® K), and hence are intrisic to 
the point of the base. 

Now, such a morphism F can be proved to be equivalent to hxing 
a Higgs held with values in a subsheaf of regular centralisers totally 
determined by the point of the Hitchin base [DGOlj . In Theorem 15.71 
the hypotheses on the point of the Hitchin base ensure that the Higgs 
held is completely determined away from ramihcation. Hence, it suf- 
hces to determine it over ramihcation. This is precisely the information 
encoded in f± in (l3T|) and requirement (l3^ in Gorollay 15.101 

When the Higgs held is not regular, /± are not isomorphisms any¬ 
more, but morphisms. The locus over which they vanish is de- 
hned in Remark 15.21 A part of these non-regular bundles can be pro¬ 
duced by considering the a bundle of toric varieties over Pic{XiY with 
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fiber Hom(Xoi, Lq^Fi)) over Fi (and dense torns Isom(Xoi, Lq^Fi)) C 
Honi(Xoi, Lg ^Fi)), cf. Theorem 15.71) . These are coherent sheaves over 
X whose restrictions to the irredncible components are locally free away 
from the singnlar locns. The pnshforward of these is again a well de- 
hned Higgs bnndle; nonetheless, the correspondence fails to be nniqne 
at this level, as the Higgs bnndles thns prodnced will be those having 
zero nilpotent part over the ramihcation locns of the cnrve. In order 
to describe all of them it is necessary to introdnce a stratihcation by 
“degree of regnlarity” (measnred by the dimension of the centralisers 
of the Higgs held over We hope to address this qnestions in the 

near fntnre. 


8. On regularity 


The relation between regnlarity (cf. Dehnition IA.4p and smoothness 
of points of the complex Hitchin hber essentially goes back to Kostant’s 
|Kos63j ■ as it is proved by Biswas and Ramanan { |BR94j . Theorem 5.9). 
Their proof applies to the real gronp case, so we have: 

Proposition 8.1. If a G-Higgs bundle is a smooth point of 

hQ^{uj), then 0(x) G m^eg for all x E X . 

Proof. Let x E X. We have that ev^, o hc{E,(f)) = x4>x, where y : 
m®' —)■ oF-//W{a) is the Chevalley map. At a smooth point of the 
hber, dhc is snrjective, and since ev^, is snrjective too, it follows that 
d{x°eyx) is itself snrjective. Since dev^ : H^{X, E{xrF®K)) 
is snrjective, and is itself evalnation at x, this implies that d^^x is 
snrjective. Bnt Kostant-Rallis’ work |KR71] implies this happens if 
and only if (fx is regnlar. □ 


Appendix A. Lie theory 


The snbgronp SU(p+ l,p) < SL(2p+ 1, C) is dehned as the locns of 
hxed points of the involntion 


a(X) = Ad(Vi,p) 


where 



By composing with the compatible compact involntion t{X) =* X 
we obtain a linear involntion 


(37) 


ff = Ad(4+i,j). 
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whose restriction to SU(p + l,p) is r. The differential of this involution 
(denoted also by 9') induces the Cartan decomposition 

su(p + 1,p) = s(u(p + 1) © u(p)) © m. 

Here, m is dehned by 


m = 


0 B 
C 0 


G sl(2p + 1, C) \B g Matp-|_ixp(C), C —* B 


To this decomposition it corresponds a polar decomposition on the level 
of the group. Indeed, SU(p+l,p) = where H = S'(U(p+l) xU(p)) 
is realised as the subgroup of matrices of SL(2p + 1, C) of the form 

A 0 
0 

where A G U(p), B G U(p+ 1), detHdetH = 1. 

We next revise the theory of the isotropy representation necessary 
for this article. Recall that this representation 

( 38 ) GL{m^), 

is obtained by restriction of the adjoint representation. 

Definition A.l. A maximal anisotropic Cartan subalgebra of s[(2p + 
1, C) (associated with su{p + l,p)) is the complexification of a maximal 
abelian subspace a' C m. 

One calculates easily (cf. |Kna05j . Chapter VI) that the maximal 
anisotropic Cartan subalgebra (aO*" consists of the matrices of the form 


(39) 


M = 



with X G Matpxp(C) antidiagonal 
The cent] 

H'^ dehned as 

C'H((a')^) = {hG H' 


The centraliser of (a')®' in is dehned as the subgroup CH((a')‘‘^) C 

Ad{h)A = A for any A G (a')^ } 


One readily checks that 
(40) 

det A-2 

CHdaT) = <11 0 



A G GLpxp(C) diagonal 
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Note that the direct sum © C(,((a')‘*'), where C(,((a')‘^) := 

Lie( 6 *^( 0 )), is a 6 ''-stable Cartan subalgebra. Let W be the corre¬ 
sponding Weyl group. Recall that we define the restricted Weyl group 

(41) LL((a')^):=N^((a')^)/C^((a')^), 

where is the normaliser of (a')®^ in W and ^^^((a')^) its 

stabiliser. This is isomorphic to the quotient Nh{o.)/C u^Oi). Chevalley’ 
restriction theorem reduces the problem of studyin the quotien vcf'/ / H'^ 
to the much simpler (a')‘''/hL((a')^): 

Theorem A.2 (Chevalley’s Restriction Theorem). Restriction —)■ 

C[(a')®'] induces an isomorphism C[rri‘‘^] = 

Lemma A.3. The algebra of polynomial invariants is 

isomorphic to (BiSymf\C). 

Definition A.4. We define the subset xn-reg © iTi'’' of regular elements 
by 

(42) mreg = {y&xxf : dimH^ -y^dimH^ ■ z'iz 

Equivalently, dimCm(x) = dim(a')‘*', where Cm{x) = {y E m'’' : [y,x] = 

0 }. 

Lemma A.5. SU(2p+ 1,C) < SL(2p + 1,C) is a quasi-split form. In 
particular, 

XX^reg ^ © Qreg' 

Proof. A form is quasi-split if and only if C[,((a')®') is abelian (cf. |Kna05j ). 
which follows from HOI In particular an element is regular if and only 
if its centraliser in g has the dimension of a Cartan subalgebra, as this 
is the case for semisimple elements. Thus it is regular in g if and only 
if it is regular in m. □ 

It is useful to consider the following realization of su(p+1, p). Define 
the involution 

(43) 9 = Ad(Jp+i,p) 

where Jp+i,p is the matrix with 0 entries everywehre except for the 
antidiagonal entries, which are ji^ 2 p-i+i = 1 ii i ^ p +1 and jp+i,p+i = 

—1. Then the subalgebra with 

r / A 0 0 \ I 

(44) a=<j 0 0 0 \ : A E Matpxp(C) diagonal > , 

[\0 0 -A J J 
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((B 0 0\ I 

(45) ^ ~ I 0 —2tr(i?) 0 ; -B G Matpxp(C) diagonal > . 

Ivo 0 b) J 

is a ^-invariant Cartan subalgebra which is also maximally anisotropic, 
as explained in [GWOhj . Section 12.3.2. 
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